








































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Self-dual gravity (SdG) is a very interesting arena to understand the interplay between
the physics and/or mathematics in two and four dimensions [1,2,3]. Ooguri and Vafa have
shown that SdG is an eective theory of N=2 Strings and it has a most natural interpreta-
tion in the context of stringy physics [4]. The N=2 Heterotic String theory (SdG coupled
with Self-dual Yang-Mills theory (SdYM)) can be seen as the \master system" in which to
understand the deep interelation between the integrability in four dimensions (coming from
the Penrose or construction [5]) and the integrability arising in the two dimensional models
[4]. It is hoped that the quantum geometry (geometry associated to the quantization of
SdG, in this case) coming form N=2 Heterotic strings will generalize the Ricci-at Kahler
geometry involved in SdG, since SdG is a border line between these classical and quantum
geometries. The quantum geometry might be useful in order to better understand (at the
algebraic geometry level) the relation of the two twistor constructions associated with SdG
and SdYM.
All string theories are Conformal Field Theories in two dimensions (CFT2's). Almost
all the `magic' properties of string theory come from this CFT2. These symmetries are
expressed through the Virasoro, Kac-Moody and w
1
-algebras and they can be very useful
in inducing (up to dimensional obstructions) nice properties to the self-dual structures
in dimension four. One of these properties is the existence of conserved quantities in a
physical theory. In a CFT2 (due to the innite dimensional symmetries) always arise
innite hierarchies of conserved quantities.
On the other hand in SdG the history has been a bit dierent. The rst notion of
an innite hierarchy of conserved quantities comes from a paper by Boyer and Plebanski
[6]. Using the rst and the second heavenly equations [7] they show that SdG admits
an innite hierarchy of conservation laws. These quantities were dened in terms of the
rst and second key holomorphic functions 
 and . Later, they studied some global
aspects associated to the above construction [8]. For this they employed the maximal
2
isotropic submanifolds formalism. Their construction was formal, thus avoiding the use of
the innitesimal deformation of the twistor space [5]. The symmetries play an important
role here, showing that the underlying symmetry group was the area preserving dieomor-
phisms of a twistor surface (totally geodesic null surface). In fact, they have shown the
existence of a correspondence between the formal holomorphic bundles over the Riemann
sphere CP
1
and the group of area preserving dieomorphisms. After this, Takasaki, in
a series of papers [9], shows the existence of a hyper-Kahler innite hierarchy. He found
that is possible to construct inequivalent metrics in SdG by using the area preserving
dieomorphisms group.
Later, Strachan shows that the existence of the innite hierarchy was related with
an innite family of twistor surfaces [10]. To be more precise, he found a one to one
correspondence between a family of twistor surfaces and the conserved charges. Similarly to
Boyer-Plebanski, Strachan starts also from the heavenly equation to make his construction.
Another approach of this setting was given very recently by Husain [11]. He has
used strongly his own result concerning the use of the equivalence of SdG and the two-
dimensional chiral model having as the gauge group the group of area preserving dieo-
morphism of an \internal" two-surface [12]. Husain's construction of the innite hierarchy
involves the use of induced properties of the two-dimensional chiral model to SdG. In the
present paper we continue this philosophy and explore how some other features of a more
general two-dimensional eld theory (i.e., a CFT2) can be induced to self-dual structures
in four-dimensions).
In Sect. 2 we briey review Husain's construction of the innite hierarchy in SdG [11].
After this we show how the rst conserved current J
(1)
0
leads to the innite dimensional Lie
algebra of area preserving dieomorphisms of a two-surface. We have done this explicitly
when the two-dimensional `internal space' is the two-sphere S
2
. Sect. 3 is devoted to show
how our results of section 2 contain implicitly the structure of a Hopf algebra. Moreover,
through an immediate generalization we can obtain a q-deformation of the Lie algebra
3
of area preserving dieomorphisms of S
2
. That is a QUE-algebra (quantized universal






). Sect. 4 is devoted to show that Husain's
chiral model admit a WZNW lagrangian which can be useful in order to quantize SdG.
Finally, in Sect. 5 our nal remarks and conclusions are given.
2. Innite Hierarchy of Conserved Currents in Self-dual Gravity
2.1. Conservation Laws From Husain's Chiral Model
In this section we shall briey review the necessary arguments in order to display
the Hopf algebra structure of sdi(S
2
) in the next section. In Ref.[11], starting with the
Ashtekar-Jacobson-Smolin (AJS) formulation for SdG [13], Husain found a set of equations
for four vector elds U , V, X and T . These vector elds arise after a light-cone variable
decomposition of a triad of vector elds V
i




comes from the global splitting of the space-time manifold M into 
3
 <. The four-
manifoldM has local coordinates fx; t; p; qg. In fact for the most relevant part of Husain's
construction the three manifold 
3
can be identied locally with <
3
. Choosing suitable
expressions for the vector elds U , V, X and T , Husain proved that the AJS equations lead
to the two-dimensional chiral model (being the two-dimensional `space-time' coordinates
fx; tg) with gauge group the group of area preserving dieomorphisms of a two-dimensional

































(x; t; p; q)
is a two-dimensional vector eld valued 1-form with components precisely the vector elds
4










(x; t; p; q) := A
i
(x; t; p; q); (2:4)
which is immediately seen to be conserved using the equation of motion (2.2). Introducing



















implying the existence of a vector eld 
(1)
.
















means the Lie bracket. This current will be conserved using the Eqs. (2.1) and












which will be also conserved using the above argument.













is also conserved (for details see Ref. [11]).
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In what follows we will use only the rst conserved current J
(1)
i
(x; t; p; q) = A
i
(x; t; p; q)
in order to nd a hidden innite Hopf algebra symmetry on the Husain's construction of
conserved laws in SdG.
























































; p; q)]: (2:10b)
2.2. Area Preserving Dieomorphism Current Algebra
We will be working with the rst conserved current J
(1)
0
. Our interest is to give
explicit formulas for the algebra of conserved currents of Q
(1)
(t). We identify the `internal










The vector eld U arising in Eq. (2:9b) can be expanded in a basis of generators of
the Poisson algebra sdi(S
2
). We choose this basis to be the spherical harmonics Y
lm
(; ')
l = 0; 1; 2; :::;m =  l; :::;+l. Thus the vector eld U(x; t; ; ') will be expanded as [14]
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(x; t) is a hamiltonian vector eld on S
2
depending only on the coordinates












 = Sin dd' an element of the solid angle.
It is well known that the hamiltonian vector elds L
lm















































































While the spherical harmonics Y
lm



































































where the vector elds W
lm



























where (x   x
0
) is the Dirac delta function.
























In the next section we will use this algebra to show the existence of a co-product,
co-unit and antipode within the structure of conserved currents. This gives rise to a Hopf
algebra structure on the conserved charges in SdG.
3. Innite Dimensional Hopf Algebra Structure
In this section we make the construction of the Hopf algebra H on the Poisson algebra
sdi(S
2
). To make this we will decompose the integral ofW
lm




























where the signs +( ) correspond to positive (negative) values of x.
3.1. The Hopf Algebra Structure
It is well known that the dieomorphism group Di(M) of a compact manifold M
is not a Banach Lie Group but a Hilbert manifold [15,16]. Due to that S
2
is a compact









), the space of
locally hamiltonian vector elds on S
2
. This algebra has the structure of a Frechet manifold




) is the product of Frechet manifolds which
is also Frechet.
Consider the innite dimensional Lie algebra sdi(S
2
) over the eld < and a basis of
this algebra to be the Q
lm
(t). Introducing an innite dimensional Universal Enveloping






, we can now dene on H a structure of a Hopf algebra (for




H, will be dened in the Frechet sense.
Following MacKay's [18] we dene the co-product, , as follows:


















This co-product  is an <-algebra homomorphism. The denition for the co-product, Eq.










where the signs + and   correspond to the decomposition given in Eq. (3.2), the numbers
1,2 mean the rst and the second entries of H
H, respectively.
Dening now the `twist' map  : H 
 H ! H 




















, one can see that the co-product (3.4) is co-commutative. This holding
because the relation   =  is fullled.
With the the above denition one can show that the coproduct satises the co-
associativity axiom
(id 
)  = (
 id) : (3:7)




(t). To prove this
axiom one needs to decompose the charge Q
(1)lm
(t) into three parts just as it is mentioned
in Ref. [18].
On the other hand the co-unit  is also an <-algebra homomorphism  : H ! <, which
one can dene by
(Q
(1)lm
(t)) = 0; (1) = 0: (3:8)
where 0 2 <. With the above denitions for the co-product and co-unit one can easily
prove that the co-unit axiom is fullled.
(id 
 )  = ( 
 id) : (3:9)








It is an easy matter to see that the denitions (3.4) and (3.10) satisfy the axiom of the
antipode:
m  (S 
 id)  =m  (id 
 S) ; (3:11)










































From the point of view of current algebra the above denition for the antipode map,












which coincides with McKay's result [18].
To end this section we would like to comment about further advances in this context.
The existence of a QUE (Quantized Universal Enveloping)-algebra associated with the Lie
algebra of area preserving dieomorphisms can be explained using the methods of massive
2d Quantum Field Theory given by Le Clair and Smirnov [19,20]. This structure of quan-
tum group on sdi(S
2
) could be related with the q-deformation of the Moyal algebra given
in Refs. [21,22,23]. This relation might be important when giving even more consistency
to our results [24].
4. WZNW lagrangian for Self-dual Gravity
In this section we will work with Eqs. (2.1) and (2.2). As we have mentioned be-





Let  a two-dimensional manifold with local coordinates fx; tg. Husain's two-dimen-
sional chiral model, valued in SDi(S
2









(x; t; ; )
@t
= 0; (4:1)














(x; t; ; );A
i
(x; t; ; ) >; (4:2)
where i = x; t, and <;> is the analogous in the innite Lie algebra sdi(S
2
) to the Killing
form on a nite dimensional Lie algebra of a compact Lie group G [25,26]. It is dened as
follows: Let f , g, be functions on S
2










f  g. Is easy to see that it is an invariant bilinear form.
We wish now to continue emulating some other characteristics of the two-dimensional
non-linear -model. Similarly to the pure gauge condition we introduce a holomorphic
function of its arguments which satises
A
i
(x; t; ; ) := h
 1
(x; t; ; )@
i
h(x; t; ; ): (4:3)




! <. The contact with the usual WZNW
action arises when one xes the coordinates  and ' on S
2
. Thus we can dene a function





), such that (x; t) 7!




































* We are using S
2
as a particular selection of an arbitrary two-dimensional surface
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where <;> is the above mentioned Killing form on sdi(S
2
). So, xing the `internal space'
S
2
one can dene a kind of `semi-pure gauge' connections A
i
(x; t; ; ') according to Eq.
(4.1).





















(x; t; ; ')@
i
h(x; t; ; ')
h
 1
(x; t; ; ')@
i
h(x; t; ; '): (4:4b)
(compare with the results of Ref.[27])
To end this section we wish to make some comments about the quantization of SdG
in our \WZNW" approach. We use the path integral to write the quantum amplitudes in


































(x; t; ; ')@
i
h(x; t; ; ')
h
 1
(x; t; ; ')@
i
h(x; t; ; ')

; (4:6)
where the measure Dh is given by the measure on the innite dimensional Lie group
SDi(S
2
) given by Polyakov in [26].
As we will discuss in a separate paper [29] it is possible to dene a topological quantum
eld theory of the WZNW type for SdG. There we nd the topological invariants of this




In the present paper we have used the innite hierarchy of conserved quantities from
SdG just as has been given by Husain [11]. Based in the form for the conserved charges
we display how, at least at the classical level, they possess a Hopf algebra structure. Its
immediate generalization, by considering the methods of the massive 2d Quantum Field
Theory, will induce the no (co)commutative (co)product. This will give directly a q-
deformed version for the Lie algebra sdi(S
2
). That is, we have shown that for the current
algebra of conserved quantities in SdG it is possible to give a quantum algebra structure
to the q-deformed algebra from Fairlie [22] and Curtright [23]. Also, we have constructed
an analogous to the WZNW lagrangian for the chiral version of SdG. Although we cannot
dene pure gauge connections, we were able to dene rather \semi-pure" gauge connections
which coincide with the pure gauge ones when we x the `internal surface'.
In order to consider the quantization of SdG in this context, one has to use Polyakov's
measure on the innite Lie group SDi(S
2
). We write explicitly the corresponding partition
function.
Though we have proposed this lagrangian on the two-dimensional at space-time <
2
its generalization to a general Riemann surface is immediate. This can be made for the
two-dimensional space-time as well as for the `internal surface'. In a separate paper [29] we
make this generalization and nd an explicit example for the CFT4 denition by Hodges,
Penrose and Singer [30]. There we compute the topological correlation functions and the
topology changing amplitudes of the space-time.
Recently arose a paper by Strachan in which he nds a hierarchy of symmetries of the
SdG equations and their associated algebra [31]. Strachan begins from Grant's equation
[32] to make his construction. His results coincide with the Lie-point symmetries of the
Grant equation which was computed by Grant in [32].
A dierent approach has been given also very recently by Husain [33]. He uses its own
results concerning the innite hierarchy of conservation laws in SdG [11] and shows the
14
existence of a hidden Kac-Moody algebra associated with the Lie algebra of area preserving
dieomorphisms.
It would be interesting to make the connection between both approaches which seem
to us to be equivalent.
Acknowledgements
We are indebted to J.D. Finley III and J.D.E. Grant for fruitful discussions and
suggestions.
References
[1] M.F. Atiyah, Commun. Math. Phys. 93, 437, (1984).
[2] Q-Han Park, Phys. Lett. B 257, 105, (1991); B238,287, (1990); Int. J. Mod. Phys.
A7, 1415, (1992).
[3] I. Bakas, `Area Preserving Dieomorphism and Higher Spin Fields in Two Dimen-
sions' Preceedings of the Trieste Conference on Supermembranes and Physics in 2+1
Dimensions, Eds. M. Du, C. Pope and E. Sezgin, World Scientic (1990) 352-362;
Commun. Math. Phys. 134, 487, (1990); Int. J. Mod. Phys. A6, 2071, (1991);
\Self-duality, Integrable Systems, W-algebras and All That",in: Nonlinear Fields:
Classical, Random, Semiclassical, eds. P. Garbaczewski and Z. Popowicz (World Sci-
entic Publishings Co. Pte. Ltd, 1991) pp. 2-35.
[4] H. Ooguri and C. Vafa,\Geometry of N=2 Strings", Nucl. Phys. B361, 469, (1991);
Mod. Phys. Lett. A5, 1389, (1990); \Heterotic N=2 Strings", Preprint HUTP-
91/A004, 1991.
[5] R. Penrose, Gen. Rel. Grav. 7, 31, (1976).
15
[6] C.P. Boyer and J.F. Plebanski, J. Math. Phys. 18 1022, (1977).
[7] J.F. Plebanski, J. Math. Phys. 16, 2395, (1975).
[8] C.P. Boyer and J.F. Plebanski, J. Math. Phys. 26, 229, (1985); C.P. Boyer, in Non-
linear Phenomena, Ed by K.B. Wolf, Lecture Notes in Physics, 189, Springer-Verlag
(1983).
[9] K. Takasaki, J. Math. Phys. 30, 1515, (1989); J. Math. Phys. 31, 1877, (1990);
Commun. Math. Phys., 127,255, (1990); `Area Preserving Dieomorphisms and
Non-linear Integrable Systems', Preprint KUCP-0039, October 1991; Phys. Lett.
B285, 187, (1992);W Algebra, Twistor and Nonlinear Integrable Systems, Preprint
KUCP-0049/92, June 1992.
[10] I.A.B. Strachan, Class. Quantum Grav. 10, 1417, (1993).
[11] V. Husain, Class. Quantum Grav. 11, 927, (1994).
[12] V. Husain, Phys. Rev. Lett. 72, 800, (1994).
[13] A. Ashtekar, T. Jacobson and L. Smolin, Commun. Math. Phys. 115, 631, (1989).
[14] E.G. Floratos, J. Iliopoulos and G. Tiktopoulos, Phys. Lett. B217, 285, (1989).
[15] J. Milnor, `Remarks on Innite-dimensional Lie Groups' in Les Houches, 1983; Rel-
ativity Groups and Topology II, eds. B.S. De Witt and R. Stora. Elsevier Science
Publishers B.V., 1984.
[16] R. Schmid, `Innite Dimensional Hamiltonian Systems', Bibliopolis, (1987).
[17] L.A. Takhtajan, Nankai lecture notes (1989), in: Introduction to Quantum Groups
and Integrable Massive Models of Field Theory eds. Mo-Lin Ge and Bao-Heng Zhao
(World Scientic, Singapore, 1990), p. 69.
[18] N.J. MacKay, Phys. Lett. B 281, 90, (1992).
[19] A. LeClair and F.A. Smirnov, \Innite Quantum Group Symmetry in Fields in Mas-
sive 2D Quantum Field Theory", Preprint CLNS 91-1056, 1991.
[20] A. LeClair, \Innite Quantum Group Symmetry in 2D Quantum Field Theory",
Preprint CLNS91/1107, 1991.
16
[21] C. Zachos, \ Paradigms of Quantum Algebras", Preprint ANL-HEP-PR-90-61, Up-
dated, January 1992; Preprint ANL-HEP-CP-89-55.
[22] D.B. Fairlie, `Polynomial Algebras with q-Heisenberg Operators', in the Proceedings
of the Argonne Workshop on Quantum Groups, Eds. T. Curtright, D.B. Fairlie and
C. Zachos, World Scientic, 1991.
[23] P. Fletcher, `The Moyal Bracket', in the Proceedings of the Argonne Workshop on
Quantum Groups, Eds. T. Curtright, D.B. Fairlie and C. Zachos, World Scientic,
1991.
[24] J.F. Plebanski and H. Garca-Compean, \A q-deformed Version of the Heavenly Equa-
tions", Submitted to Phys. Rev. D.
[25] R.S. Ward, Phys. Lett. B 234, 81, (1994). J. Geom. Phys. 8, 317, (1992).
[26] A.M. Polyakov, Gauge Fields and Strings, Contemporary Concepts in Physics, Vol.
3, Harwood Academic Publishers, 1987.
[27] Yao-Zhong Zhang, Lett. Math. Phys. 26, 227, (1992).
[28] K. Gawcdzki, `Wess-Zumino-Witten Conformal Field Theory', in Constructive Field
Theory II, Edited by G. Velo and A.S. Wightman, Plenum Press, New York, 1990.
[29] H. Garca-Compean, L.E. Morales and J.F. Plebanski, \On Quantum Algebraic Ge-
ometry Associated with Self-dual Gravity", work in progress.
[30] A.P. Hodges, R. Penrose and M.A. Singer, Phys. Lett. B 216, 48, (1989).
[31] I.A.B. Strachan, `The Symmetry Structure of the Anti-self-dual Einstein Hierarchy',
Preprint 1994.
[32] J.D.E. Grant, Phys. Rev. D 48, 2606, (1993).
[33] V. Husain, `The Ane Symmetry of Self-dual Gravity', preprint Alberta-Thy-26-94,
hep-th 9410072.
17
